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(Contents)

* This paper proposes the transformations for root-N-consistently estimating
the dynamic fixed effects logit models.

* Transformations for the dynamic fixed effects logit model without
explanatory variable

— root-N consistent GMM estimators

— Construction of the conditional maximum likelihood estimator
(CMLE) proposed by Chamberlain (1985)

* Transformations for the dynamic fixed effects logit model with strictly
exogenous continuous explanatory variables

- root-N consistent GMM estimators (Until now, it was the dogma
that no root-N consistent estimator is feasible for this model.)

* Monte Carlo experiments



(Intro.) Motivation of this paper (significance of developing
the estimators for the dynamic panel logit)

* Incorporating dynamics into the binary choice models is one of the issues
which attract the interest of econometricians (allowing for the persistence
of an event in past).

* |In this case, the logit specification is often used — because of tractability

* In this case, the micro datasets are often dealt with — which are much
more accessible than before. (example: household brand choice and
female labor force participation)

* [n many cases, the micro datasets available have the panel structure where
the number of individuals is large but the number of time periods is small.

e Accordingly, it is meaningful that we develop the estimators for the
dynamic panel logit with time length being short.



(Intro.) Objective of this paper(Proposal of the root-N consistent
estimators for the dynamic fixed effects logit model)

 We deal with the fixed effects model, because the fixed effects model is
more flexible than the random effects model.

 However, the fixed effects model is haunted by the incidental parameters
problem.

* Solving the incidental parameters problem using the fairly traditional
approach gives rise to the (asymptotically normal) root-N consistent
estimators (in which the convergence rate equals the inverse of the square
root of the cross-sectional sample size) for the dynamic fixed effects logit
models.

* We deal with both dynamic fixed effects logit models without explanatory
variables and with strictly exogenous continuous explanatory variables.



(Intro.) Conventional estimator for the dynamic fixed effects
logit model without explanatory variables

* Conditional Maximum Likelihood Estimator (CMLE) proposed by
Chamberlain (1985)

— Root-N consistent estimator

— necesiates 4 or more time periods (unless the initial
conditions are specified)



(Intro.) Conventional (so-called nontraditional) estimation methods
for the dynamic fixed effects logit models with strictly exogenous
continuous explanatory variables

* No root-N consistent estimator is proposed until now.

* Estimator proposed by Honoré and Kyriazidou (2000) — uses
Kernel weight. (The convergence rate is slower than root-N,
depending on cross-sectional size (N) and band width).

 Bias-correction estimators (Carro (2007), Bester and Hansen
(2009),Fernandez-Val (2009), Hahn and Kuersteiner (2011), and Yu et
al. (2012)) — Unbiased estimator if number of time periods is
moderately large, but not root-N consistent.

 Pseudo CMLE(Bartolucci and Nigro (2012)) — one of the

approximation estimators and accordingly not root-N consistent for
the true model.



(Intro.) Estimation methods in this paper for dynamic fixed
effects logit model without explanatory variable

e Step 1: The model is transformed into the simple linear panel data
models with additive fixed effects.

» Step 2: The error-components structures holding between the logit
model and the transformed linear panel data models give the valid
moment conditions (including the stationarity moment conditions).

e Step 3: Using these moment conditions, we root-N-consistently
estimate the parameter of interest by GMM.

e Step 4: Itis shown that the first-order condition of the CMLE
proposed by Chamberlain (1985) can be rewritten as the
combinations of some of these moment conditions.



(Intro.) Estimation methods in this paper for dynamic fixed effects
logit model with strictly exogenous continuous explanatory variables

e Step 1: The modelis transformed in order that the logit probabilities
composed of the fixed effects and the explanatory variables are separated
out as the additive terms.

e Step 2: Next, the valid moment conditions, which need four or more time
periods, are obtained by applying a variety of the hyperbolic tangent
differencing (HTD) transformation proposed by Kitazawa (2012) to the
transformed forms of the model.

e Step 3: Using these moment conditions, we root-N-consistently estimate
the parameters of interest by GMM.

» Accordingly, the root-N consistent estimators are feasible for the dynamic
fixed effects logit model with strictly exogenous continuous explanatory
variables, as long as the time periods are four or more.



(Intro.) Dynamic fixed effects logit model with strictly
exogenous continuous explanatory variables

* Now, a window is opened into the sense of stagnation in which the recent
researches on the dynamic fixed effects logit model with strictly exogenous
continuous explanatory variables seem to be packed in the atmosphere of
relinquishing the pursuit of the root-N consistent estimators.

* The window is opened by dint of the extremely traditional reaction.

* Hahn’s (2001) suggestion is no longer applicable to the case of four or more
time periods. (The suggestion states that the root-N consistent estimation
is infeasible in general specifications including strictly exogenous
continuous explanatory variables in the dynamic fixed effects logit.)

* To the best of author’s knowledge, this paper for the first time proposes
the root-N consistent estimators for the dynamic fixed effects logit model
with strictly exogenous continuous explanatory variables.



(Intro.) Structure of the paper

e Section 2: (1) Presentation of the dynamic fixed effects logit model
without explanatory variable and with strictly exogenous continuous
explanatory variable. (2) Derivation of valid moment conditions for
both models. (3) Construction of root-N consistent GMM estimator.

e Section 3: Monte Carlo experiments for the GMM estimators
constructed in section 2

e Section 4: Conclusion



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
(Implicit form)

* Simple dynamic fixed effects logit model
Vi =Py, ,)+ v, for t=2,..,T

Probability with

E[vit | 771_ : yil : Vl-t_l] = () which y;, takes one
p@,yi,)=exp@ +7y;,,.,)/ (L+exp(, +7y,,.1))
n:: fixed effect y: dep. var.(1 or 0) y: Parameters of interest
vie: disturbance i: individual t: time i=1,.,N t=1..T

N — o T being fixed



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
(Shape-shifting)

* We rewrite the probability in the simple dynamic fixed effects logit model:
P@s Y ) =11 Y +8()
S @) =hm,)-g@)
g(17,) =exp(r7,) / (1+exp(77,))
h(n;) =exp(77, +y) / (1 +exp(77; + 7))

* The above is the logit specification of the linear AR(1) (autoregressive
model of order 1) regression form considered by Al-Sadoon et al. (2012) for
the dynamic binary choice panel data model with fixed effects



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
(Transformation)

* Two types of transformations of the simple dynamic fixed effects logit
model into the linear panel data model with additive fixed effects

e g-form
Y =0y, A=Yy, +8@m)+w, for 2<t<T -1
Blw, 17, y4:v,71=0 Fixed effect

e h-form
Y, =—0(l— Yier) Y 1=y, ) +h(1) + @, for2<t<T-1
Elo, lni’yil’vit_l] =0 Fixed effect

* Wi, Wi : New disturbances. o =exp(y)—1 : parameter of interest



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
(Standard moment conditions)

 Standard linear moment conditions are obtains for consistently
estimating 8, by eliminating the fixed effects g(n) & h(n:) (using the
first-differencing transformation).

e Standard moment conditions based on g-form
ElAu. 1=0 _

[ U] for 3<r<7-1 uit:yit_5yi,t—1(1_yit)yi,t+l
E[y, Au,]=0 for 1<s<t-2; 3<r<T-1

e Standard moment conditions based on h-form
E[Avlt]:() for 3<r<T-1 UV, =Y, +5(1_yi,t—l)yit(l_yi,t+l)

Ely . Av,1=0 for 1<s<r-2; 3<r<T-1



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
(Stationarity)

e Stationarity for simple dynamic fixed effects logit model

* If the initial conditions for the binary dependent variables are written
as follows:

Vil =g(77i)/(1—f(77i))+vi1
E[v,In.1=0

* binary dependent variables y: are stationary:

E[yit ”71] — 8(77i)/(1—f(77i))



(Model and estimation) Dynamic fixed effects logit model without
explanatory variable (Simple dynamic fixed effects model) and its estimation
( Stationarity moment conditions)

* (Linear) stationarity moment conditions root-N-consistently
estimating 6 for the simple dynamic fixed effects logit model
* Stationarity moment conditions based on g-form
E[Ay,,  u,1=0  for 3<s<T-1
e Stationarity moment conditions based on h-form
E[Ay,. ,v.1=0 for 3<r<7-1

* These correspond the stationarity moment conditions for the
ordinary linear dynamic panel data model (Arellano and Bover (1995);
Ahn and Schmidt (1995); Blundell and Bond (1998)) .

i,t—1



(Model and estimation) Relationships with CMLE proposed
by Chamberlain (1985)

 The CMLE proposed by Chamberlain (1985) for the dynamic fixed
effects logit model without explanatory variable maximize the
following likelihood with respectto 7 :

Z ZV=1 ¢ it
with f,’; — (Ayit)z(yyi,t—l(yi,t—z o yi,t+1)_ln(1+exp(7/(yi,t—2 o yi,t-l—l ))))
* For T=4, this CMLE is effeicient under
(Ay,)* =1 and/or (V= Yi.) =1



(Model and estimation) Relationships with CMLE proposed
by Chamberlain (1985)

* The first-order condition for the CMLE proposed by Chamberlain
(1985) for the dynamic fixed effects logit model without explanatory
variable is written as the sum of the standard moment conditions
based on g-form and h-form:

E[(1- yi,t—z)Auit - yi,t—zAUit] =0

* If the binary dependent variable y: is stationary, the above first-order
condition is written as the sum of the stationarity moment conditions
based on g-form and h-form:

E[Ay,,(u, +v,)]=0



( Model and estimation) Dynamic fixed effects logit model with
strictly exogenous continuous explanatory variables and its estimation
(Implicit form)

* Dynamic fixed effects logit model with the strictly exogenous continuous
explanatory variable

Y = PMs Yy X)) H vy, fort=2,..T Probability with
’ which y;; takes one
r—1 Ty _
E[Vitlni’yil’vi ,Xl-]—()
p(ﬂia yi,t_la 'xit) — eXp(ﬂi + yyi,t—l + leit) / (1 + exp(ni + 7/yi,t—1 + lei; ))

n: fixed effect  y«: dep. var. (1 or0)

xit: strictly exogenous continuous explanatory variable

Y, - parameters of interest vi: disturbance

i: individual t:time i=1,..N t=1,..,T N - o Tbeingfixed



( Model and estimation) Dynamic fixed effects logit model with
strictly exogenous continuous explanatory variables and its estimation
(Shape-shifting)

* Rewriting the probability of Dynamic fixed effects logit model with the
strictly exogenous continuous explanatory variable,

p(,, Vi1 x,)=f, xit)yi,t—l +g(17;,x;,)
f@,x,)= h(ﬂi»xiz) —8(1;,x;,)
g, x,) =exp(n, + px,)/ (1+exp(n, + px,))

h(n,,x,)=exp®, +y+ px,) ! 1+exp(n, +y+ Px,))

* The above shape-shifting is the logit specification of the linear AR(1)
(autoregressive model of order 1) regression form considered by Al-Sadoon
et al. (2012) for the dynamic binary choice panel data model with fixed
effects



( Model and estimation) Dynamic fixed effects logit model with

strictly exogenous continuous explanatory variables and its estimation
(transformation)

* Two types of transformations in which the logit probabilities composed of the fixed
effects and the explanatory variables are separated out as the additive terms.

e gform U, =g®,,x, ., )+W, for 2<t<T -1 EW,I7n,y,v ", x1=0
U,=y,+0=y)¥ 0~ A=,y exp(-FAx,,,,)
=0y, (1=y,) ¥ exp(=F Ax, .,),
* h-form Y, =h(7,x,,)+Q, for 2<t<T -1 E[Q,I7,y,.v " x1=0
Yy =YY + Yu(l= i) exp(B Ax, )
+0(=y,,)y, A=y, ,.,)exp(fAx, .,

* Wi, Q:: new disturbances 6 =exp(y)-1, B : parameters of interest



(Model and estimation) Dynamic fixed effects logit model with
strictly exogenous continuous explanatory variable and its estimation
(moment conditions for root-N-consistently estimating » and 3)

* By ruling out the fixed effects n, in g(n, x;,1) and h(n, x;,,) using the
variant of the hyperbolic tangent differencing (HTD) transformation
(kitazawa, 2012), the moment conditions for root-N-consistently
estimating ¥ and 3 are obtained.

- Mom. cond. based on g-form E[#U, I7,,y,,vi >, x ]=0 for 3<r<T-1
hUit =U, - Vi1

—tanh((1/ 2)(=7y;, > + BAx, +Ax,, DU, + ¥, —2U,, ¥, 1),

i,t—1

* Mom. cond. based on h-form E[AY, 17, y,,v: >,x ]=0 for 3<¢t<T-1
tht = Yit — Vi

—tanh((1/2)(y(1— Vi)t P (Ax, + Axi,t+1)))(Yit T Vi T 27, Vi)



(Model and estimation) Dynamic fixed effects logit models and
their estimations (Estimation method: GMM)

* Vector of moment conditions’ set E[(ﬂl (6)]=0 (mX1)
m: # of moment cond., 6=r (without regressor), 6=(r, 8) (with regressor)

e Optimal GMM estimator MM s obtained by minimizing the following
guadratic forrp with respect to 4. (91 is any consistent estimator of 6 .)

20)(08)) 2O with O=U/NY 06 86)=1/MY" 0@)0@6)

e Optimal GMM estimator is the (asymptotically normal) root-N
consistent estimator:
d

N2 (Bepns —6,) = N(O, (D(B,) (©(8,))" DE,)™)
where  D(6,)=0E[¢(6)]/06)l,,, and ©(E,)=E[@(6,)¢(6,)]




(Monte Carlo) Model without explanatory
variables

* DGP for the model without explanatory variables

y =L AT Py >
“ 0 otherwise

Vil

{1 if g(n,)> ¢,

0  otherwise
p@, v, =exp(g, + 7y, A+exp(, +7y;,.,))
q(n,) =1/ (1+1+exp(77,)) / (exp(n,)(1+exp(7, + 7))))
£, ~UO.1)  7,~N(O, 0,

* Parameters with values being set: 7, an

* Cross-sectional sample size N=1000, 5000, 10000 # of time periods T=4, 8
# of replications Rv = 10000



(Monte Carlo) Model without explanatory

variables
* GMM estimator to be investigated

* GMM(g-STD): GMM estimator only using the standard moment
conditions based on g-form

* GMM(g-SYS): GMM estimator using both the standard moment
conditions and stationarity moment conditions based on g-form

* GMM(h-STD): GMM estimator only using the standard moment
conditions based on h-form

* GMM(h-SYS): GMM estimator using both the standard moment
conditions and stationarity moment conditions based on h-form

. gl\l\/lllll\él(FOC-o): GMM estimator using the first-order conditions of

* GMM(FOC-s): GMM estimator using the first-order conditions of
CMLE assuming the stationarity of dependent variables



(Monte Carlo) Model without explanatory
variables

e Table 2. Monte Carlo results for the (simple) dynamic fixed effects
logit model without explanatory variable, T=8

N'= 1000 N = 5000 N = 10000
bias rmse bias rmse bias rmse . . . 2

Simulation (1) Simulation (1a): v Low, 0,* Small

GMM(g-STD) ¥ -0.066  0.107 -0.012 0038 -0.006  0.026 )

GMM(g-SYS) 7 -0049 0090 -0009 0034 -0004 0023 v=0.5, 0.=0.5

GMM(h-STD) 7 -0058  0.101 -0.011  0.038 -0.005  0.026 n

GMM(h-SYS) 1 -0050 0089 -0009 0034 -0005 0023

GMM(FOC~0) 7 -0006  0.095 0.000  0.042 -0.001  0.030

GMM(FOC-s) 7 -0004 0103 0000 0046 -0001 0033 . . . 2

Simulation (1b): ¥ Low, o,* Large

Simulation (1b)

GMM(g-STD) 7 -0.090  0.134 -0.017  0.045 -0.008  0.031 y=0.5, 0 2-1.5

GMM(g-SYS) 7 -0064 0107 -0012 0038 -0005 0026 n

GMM(h-STD) 7 -0.084  0.130 -0.016  0.045 -0.007  0.031

GMM(h-SYS) 7 -0068 0109 -0013 0038 -0006 0026

GMM(FOG—0) 7 -0.007  0.107 -0.001  0.048 0.000  0.034 . . . . 2

GMM(FOC-s) 1 -0005 0116 -0001 0052 0000 0037 Simulation (1C) Y ngh, Gﬂ Small
Simulation (1¢) Y=2-5’ (e) 2:0_5

GMM(g-STD) 1 -1118 1243 -0.102 0139 -0.037 0072 n

GMM(g-SYS) 7 -0938 1027 -0090 0128 -0035 0070

GMM(h-STD) 7 -0695  0.780 -0.085  0.125 -0.038  0.074

GMM(h-SYS) 1 -0566 0639 -0062 0107 -0030 0069 . . . . 2

GMM(FOC-0) 7 -0020 0253 0.000  0.109 -0.002  0.078 Simulation (ld) Y ngh, O'r] Large

GMM(FOC-s) 7 -0017 0258 0000 0113 -0002 0081 )

y=2.5,0.°=1.5

Simulation (1d) n

GMM(g-STD) ¥ -1.176  1.310 -0.118  0.156 -0.042 0077

GMM(g-SYS) 7 -0920 1002 -0096 0135 -0038 0074

GMM(h-STD) 7 -0918 1023 -0.108  0.146 -0.044  0.080

GMM(h-SYS) 1 -0662 0745 -0071 0114 -0032 0071

GMM(FOC-0) 7 -0024  0.256 -0002  0.111 -0.001  0.079

GMM(FOC~s) ¥ -0022 0260 -0002 0115 -0001 0082




(Monte Carlo) Model without explanatory
variables

 The additional usage of the stationarity moment conditions improves the
small sample performances of the GMM estimators, especially for the high
value of the persistence parameter ¥ (comparing the results of GMM|(g-
STD) and GMM(h-STD) with those of GMM)(g-SYS) and GMM(h-SYS) ).

 However, the dramatic improvement in terms of bias and rmse for the high
value of the persistence parameter is conducted by using the GMM(FOC-0)
estimator (which uses the first-order conditions of the CMLE written as the
plain sums of fractions of the moment conditions used mainly in the
GMM(g-STD) and GMM(h-STD) estimators).

* |t cannot be said that the GMM(FOC-s) estimator (which uses the first-
order conditions of the CMLE written using the plain sums of the
stationarity moment conditions) behaves well for the low value of the
persistent parameter ¥ and the large value of the 0,72.



(Monte Carlo) Model with strictly exogenous
continuous explanatory variables

* DGP for the model with strictly exogenous continuous regressor
. {1 it p(;, Yipgs %) > G _ {1 if g7, %) > ¢y

. Y, .
o : 0 otherwise

0 otherwise
p(ﬂl ’ yi,t_l ’ 'xit) = eXp(ﬂi + yyi,t—l + IB'xit) / (1 + eXp(ﬂi + yyi,t—l + IB'xit ))
q(n.,x,) =1/ 1+A+exp(n, + fx,))/ (exp(®, + Bx,)1+exp®, + ¥+ [x,))))

X, = px,,_, +T1, +&, x, =(z/(1=p)n +1/1A-p*)"?)e,
¢ ~U0,)  7,~N(©O,0,) g ~N©O0)
* Parameters with values being set: , YV, B P T o o

* Cross-sectional sample size N=1000, 5000, 10000 # of time periods T=4, 8
# of Replications Rv = 10000



(Monte Carlo) Model with strictly exogenous
continuous explanatory variables

e GMM(g-HTD) : Moment conditions used by [GMM based on g-form]

- E[nU,]=0 for 3<t<T-1

« B[y, nU,]1=0 for 1<s<t-2; 3<t<T-1

« E[Ax, 7nU,]=0 for t—-1<s<t+1; 3<r<T-1

e GMM(h-HTD) : Moment conditions used by [GMM based on h-form]
« E[nY,]=0 or 3<t<T-1

* E[y Y, ]=0 for 1<s<r-2, 3<t<T-1

* E[Ax, 7Y, ]1=0 for t—1<s<t+1; 3<t<T-1




(Monte Carlo) Model with strictly exogenous
continuous explanatory variables

* Table 4. . Monte Carlo results for the dynamic fixed effects logit model with
strictly exogenous continuous explanatory variable, T=8

N = 1000 N = 5000 N = 10000
bias rmse bias rmse bias rmse
Simulation (2a)
GMM(g-HTD) 1 -0.047 0.110 -0.010 0.044 -0.004 0.030
B 0.000 0.060 0.000 0.026 0.000 0.019
GMM(h-HTD) 7 -0.038 0.105 -0.008 0.044 -0.003 0.031
B —-0.005 0.060 -0.001 0.027 -0.001 0.019
Simulation (2b)
GMM(g-HTD) 7 -0.079 0.152 -0.016 0.059 -0.007 0.040
B 0.007 0.082 0.002 0.036 0.001 0.026
GMM(h—-HTD) 1 -0.067 0.146 -0.013 0.059 -0.006 0.041
B -0.007 0.082 -0.001 0.037 0.000 0.026
Simulation (2¢)
GMM(g-HTD) 1 -0.198 0.294 -0.035 0.099 -0.016 0.067
B 0.025 0.128 0.010 0.059 0.005 0.041
GMM(h-HTD) 7 -0.179 0.279 -0.034 0.102 -0.017 0.069
B 0.006 0.125 0.006 0.059 0.004 0.042

Simulation (2a): low persistence
¥=0.5, B=0.5, p=0.5, 0,°=0.5, 6.>=0.5

Simulation (2b): moderate persistence
v=0.8, =0.8, p=0.7, on2=0.5, 0.%=0.5

Simulation (2c): high persistence
vy=1.1, f=1.1, p=0.9, on2=0.5, 0.%=0.5



(Monte Carlo) Model with strictly exogenous
continuous explanatory variables

* The size alleviations of bias and rmse for the GMM(g-HTD) and GMM(h-
HTD) estimators back up the presence of the root-N consistent estimators
for the dynamic fixed effects logit model with strictly exogenous
continuous explanatory variables.

* The larger downward biases for the GMM(g-HTD) and GMM(h-HTD)
estimators of the persistence parameter y are recognizable when the data
of the dependent and explanatory variables are more persistent
(presumably due to the weak instruments problem).

* The same is true of the coefficient 5on the explanatory variable.

* The sizes of bias and rmse with respect to S are small, compared to those
with respect to y.



( Conclusion)

* |n this paper, the transformations and valid moment conditions were
advocated for the dynamic fixed effects logit models without explanatory
variable and with strictly exogenous continuous explanatory variables.

e For the model without explanatory variable, the valid moment conditions
are constructed based on the error-components structures after the model
is transformed into the simple linear panel data models with additive fixed
effects.

e For the model with strictly exogenous continuous explanatory variables,
the valid moment conditions are constructed by applying a variety of the
HTD transformation (Kitazawa, 2012) after the model is transformed in
order that the logit probabilities composed of the fixed effects and the
explanatory variables are separated out as the additive terms.

32



(Conclusion)

* The climax of the paper is that if number of time
periods of panel data is four or more, the root-N
consistent GMM estimators can be constructed for
the dynamic fixed effects logit model with strictly
exogenous continuous explanatory variables.

* |t was the traditional approach that was conducive to
constructing the root-N consistent estimators for the
dynamic fixed effects logit model with strictly
exogenous continuous explanatory variables.

33



(Postscript)

* Honoré and Kyriazidou’s (2000) estimator cannot estimate the
dynamic fixed effects logit models with time dummies, since they use

the kernel weight (see Carro, 2007, etc).

* Hahn’s (2000) suggestion states that the root-N consistent
estimations of the time dummies for these models are infeasible.

 However, the estimator proposed in this paper can root-N-
consistently estimate the time dummies as well as other parameters

of interest in this models.



(Postscript)

* We illustrate the feasibility of the root-N-consistent estimation for the
dynamic fixed effects logit model with time dummies by using some
Monte Carlo experiments.

« Convergence rates are faster than or approximately VN in almost all
cases in Monte Carlo.

Memo: The convergence rate of the vector of parameters of interest to be
estimated by the estimators proposed in this paper for the dynamic fixed effects

logit model with explanatory variables is VN even if number of explanatory

variables increase. On the contrary, Honoré and Kyriazidou’s (2000) estimator

becomes much slower and slower than +/N for the larger number of explanatory
variables.

35



(P.S. 1) Dynamic fixed effects logit model (with strictly
exogenous explanatory variable + time dummies)

e Dynamic gixed effects logit model (with strictly exogenous explanatory variable + time
dummies

+v.

it

~ exp(ﬂi +1D,+y Yy, +,6’in)
Yir = 1+6Xp(77i +1ID, +Yy, +18xit)

y;t: binary dependent variable for individual i at time t (1 or O), taking 1 with above
probability

n;: fixed effect TD;: time dummy x;;:strictly exo. continuous regressor v;;: disturbance

°Y, ,8: parameters of interest

. . _1 T s « . . .
Assumptions on disturbances: E[v, |7., yip"f x 1=0 k individual t: time
t—1 i=1,..,N t=2,..T

* U = (vilr---rvi,t—l) xiT — (xilr---rxiT) N = oo T being fixed



(P.S. 1) Dynamic fixed effects logit model (with strictly
exogenous explanatory variable + time dummies)

 Conditional moment conditions (g-form), derived the same method
as kitazawa (2013)

E[hUier 177, Yiis Visas 'xlT] =0
where hU; — Uier — Vit

—vy., ,+ATD +ATD,  + p(Ax, +Ax,
—tanh( Vii-2 t s IB( g I’HI)](U ; LR/ 2U ; yi,t—l)

2

with U=y, +(1- Vi) Vign — A= ¥,) Y, . €XP (—ATDH] — ,BAxml )
- (eXp(y) o 1) Vi1 (1 — yit)yi,t+l eXp (_ATDH-] — ﬁAxi,Hl )



(P.S. 1) Dynamic fixed effects logit model (with strictly
exogenous explanatory variable + time dummies)

 Conditional moment conditions (g-form), derived the same method
as kitazawa (2013)

E[nY} I77,, yil’vi,t-Z’xiT] =0
where  IY=Y7 -y,
( 7/(1_ yi t—Z) +ATD¢ +ATDt+1 +ﬂ(Axit +Axi t+1)
—tanh ’ 5 ’

j(Y; + Vig1 — 2T; yi,t—l)

with Y; — yityi,t+l + yit (1 o yi,t+1)exp (ATDIH + IBAxi,Hl)
+(exp()-DA=y,, )y, A=y, )exp (ATDm + :BAxi,m )



(P.S. 1) Dynamic fixed effects logit model (with strictly
exogenous explanatory variable + time dummies)
Unconditional moment conditions for vV N-consistent estimation

» Using two types of unconditional moment conditions based on both
g-form and h-form, the joint estimations of y, f and time dummies
(ATDs, -+, ATDy) are conducted.

e Moment conditionsused inGMMB3 <t<T-1;t—1<s<t+1)

E[hU;1=0 E[AY]1=0
eform i* Ely,,,hU;1=0  Ely,,7Y;1=0 ~ ] Mom

E[Ax, AU ]1=0 E[Ax, hY]=0




(P.S. 1) Dynamic fixed effects logit model (with strictly
exogenous explanatory variable + time dummies)
Monte Carlo

* DGP
_{1 ifp(ﬂi’yi,t—l"xit’TDt)>§it y _{1 ifq(ni7xi1’TDl)>§il
- i1~

Y 0 otherwise 0 otherwise

P Yi o X, TD,) = xp(, + 7y, + Bx, +TD,) | A+ exp(n7, + ¥y, + px, +TD,))
qn.,x,,TD,) =exp(n, + Bx, +TD,)/ 1+exp(n, + fx, +TD,))
X, = PX;, +T1] +E, X, =@/ A=p)m,+1/A-p*)"?)g,
~ -~ N(0, o} ~ 2
¢, ~uO,n (0.0;) & ~NO.o,) N=1,000, 10,000, 100,000
* Parameters with values being set: T=4,8
Ry = 2,500
*TD, (t=1,..,T),y,6,p,7,07,0%



(P.S. 1) Monte Carlo results

M=1 000 MN=10,000 =100 000
. true mcm true mGcm true mcm
(Ca Se Of StrICtly exogenous mcsd mMcse s mcse mcsd mcse
. . hias rmse hizs rmse hias rmse
explanatory variable + time Simulation(A-a)
) GMM(gh-HTD) 7 0500 0321 0500 0482 0500 0499
d ummi eS’ T:4) 0259 0234 0076 0074 0.023 0.023
-0175 0315 0018 0078 -0.001 0023
. 8 0500 0405 0500 0503 0500 0500
As N increases Su'Ch as 1,000 -> 10,000 0151 0117 0.044 0.041 0014 0.013
-> 100,000, precision and accuracy of -0095 0214 0003 0045 0000 0014
. . ATD3  —-1500 -—1568 -1500 -1505 -1 500 —1.500
the estimator increase. 0143 0133 0.040 (0.038 0012 0.012
. . -0068 0155 0005 0040 (0.000 0012
Simulation(A-a) ATD4 0500 0206 0500 0485 0500 0498
y = 0.5, ﬁ = 0.5, p = 0.5, 0280 0135 0072 0.056 0018 0.018
— 01 2 5 2_ 05 -0294 0406 0015 0073 -0002 0018
=01, Oy = VU0, 0g=0.9, Sargan, of 5864 & 6.166 6 5.988 6
TD, = 0.5 TD,=1.0
TDl _ 65 TDZ _ 0 d Simulation A—h)
3 — — V.0, 4= V. G gh-HTD) 7 1100 05582 1100 1.052 1100  1.097
. . 0542 0432 0152 0.1 41 0.045 0.045
Simulation(A-a) —0508 0743 —0043 0158 -0003 0045
y=11 g =11 p =09 8 1100 0924 1100 1111 1100 1101
_ ’ 2 A 2 ni 0365 0215 0083 0081 0027 0027
7= 0.1, Oy = 0.5, 0g=0.5, -0176 0405 0.011 0080 0.001 0.027
TD; =0 5 TD,=1 5 ATD3  —2000 -2139 -2000 -2.008 -2.000 -2.001
) = 0333 0245 0066 0064 0020 0020
TD; = —0.5, TD,= 0.0 -0139 0.361 0008 0066 -0.001 0.020
ATD4 0500 0122 0500 0472 0500  0.498
0451 0157 0135 0400 0033 0.033
-0378 0588 0028 0138 -0.002 0.033
Sargan, df 8156 6 6.740 6 6.060 6




(P.S. 1) Monte Carlo results
(case of strictly exogenous
explanatory variable + time
dummies, T=8)

As N increases such as 1,000 -> 10,000 ->
100,000, precision and accuracy of the
estimator increase.

Simulation(A-a)
y = 0.5, B =0.5, p = 0.5,
7=0.1, o5 =05, 07=05,
TD, =0.5, TD,= 1.0,
TD; = —0.5, TD,= 0.0,
TD: = —0.5, TDg= 0.5,
TD, =0.0, TDg= —1.0

M=1,000 =1 0,000 =1 00,000

true mcim true mcm true mcim

rncsd rncse rcsd rcse rcsd FCSe

hizs rmse hias rmse bizs rmse

Simulation(A—a]

Ghtd(gh—HTD) 7 0500 0.391 0.500 0.490 0500 0495
0111 0.og2 0.031 0030 0,008 0005
—0108 0156 0o 0033 =00 0005
i 0500 0.456 0.500 0.496 0.500 0500
0.0E5 0046 om7 007 0005 0005
-0044 0.og2 —0.004 0018 0.000 0005
ATDI 1500 —1516 —1500 —15M0M —-1500 1501
0125 0110 0037 0036 0otz 001
-0 G 0126 —0.0 0037 =00 nma
ATDE 0500 0427 0500 0.492 0500 0499
01156 0083 0.033 0032 oo oo
—0073 0136 —0.008 0034 =00 nmo
ATDE  —0500 —0438 —0500 04952 —0500 —-0499
0113 0083 0.033 0032 oo oo
D0g2 0125 0.005 0034 0.001 nmo
MATDE 1.000 0963 1.000 0996 1.000 1.000
0115 0.0as 0035 0033 0011 001
—0037 0125 —0.004 0035 0.000 0.1
ATD? 0500 -—-0479 —0500 —04599 —0500 —0500
0146 00a4 0038 0036 ooz noma
0021 0147 0.001 0038 0.000 nma
ATDE 1000 —-0812 —1.000 —-099538 —1.000 —1.000
0383 0102 0044 0042 0014 004
01as 0427 0.002 0044 0.000 04
Sargan, df 51 316 42 43213 42 42 359 42




(P.S. 1) Monte Carlo results

. NE1 000 1=10,000 =1 00,000

(case of strictly exogenous T ——— truemom true  mom

. . rrcsc mcse rnicscd =] rncsd rcse

explanatory variable + time bies  rmoe bias  rmes bies  rmes

. SimulationA—h)
= GMMgh-HTD) ¥ 1100 0677 1100  1.079 1100  1.098
dummles’ T 8) N j 0254 0126 0.052 0.050 0.016 0.016
: -0423 0503 -0.021 0057 -0.002 0.016
-> ->

As N |ncrease§ §uch as 1,000 10,000 a1 1100 1 076 T1000 1102 1100 1.100
100,000, precision and accuracy of the 0133 0072 0028 0028 0008 0008
ATD3 -2.000 -—2.040 -2000 -2.001 ~2.000 —2.000
: : 0243 0164 0.056 0.055 0018 0.018
Simulation(A-b) ~0.040 0247 -0.001 0.056 0.000 0.018
y = 1.1, B =11, p=20.9, ATD4 0500 0274 0500  0.488 0500 0498
_ 2 _ 2 _ 0221 0110 0.04% 0.046 0015 0015
t=0.1, Op = 0.5, Og = 0.5, -0.226 0314 -0.012 0.051 —0.002 0015
TD, =0.5, TD,= 1.5, ATDS  -1500 —1.443 -1500 —1.494 -1500 -1.498
_ — 0210 0124 0.050 0.047 0015 0015
TD; = —0.5, TD,= 0.0, 0.057 0218 0.006 0.050 0.002 0.016
TDs = —1.5, TDg= 0.5, ATDE 2000 1878 2000 1993 2.000 1999
TD; = =10, TDg= —0.5 ~or22] ozetl | oot omal | —ooot| ool
ATD7 -1500 —1.305 -1500 —1.491 ~1500 —1.499
0254 0116 0.051 0.045 0016 0.016
0195 0320 0.003 0.052 0.001 0.016
ATDE 0500 0166 0500  0.492 0500 0500
0438 0141 0103 0.079 0.027 0.027
-0.334 0551 ~0.008 0103 0.000 0.027

Sargan, df  54.012 12 20423 42 43.407 12




(P.S. 2) Dynamic fixed effects logit model (with no
explanatory variable but with time dummies)

Dynamic fixed effects logit model (with no explanatory variable but with time dummies)
eXp(ﬂi +TDt + 7/yi,t—1)
Yie =

_ +v
1+exp(77i +71D, + 7/yi,t—1)

it

y;: binary dependent variable for individual i at time t (1 or O), taking 1 with above
probability

n;: fixed effect TD;:time dummy  v;;: disturbance

* ¥ : parameter of interest

. . . -1 _ i: individual t: time
Assumptions on disturbances: E[v, |7, y,,v,; ]=0 21N te2 T
t—1

* v, = (Viy e Vit—1) N > eo T being fixed



(P.S. 2) Dynamic fixed effects logit model (with no
explanatory variable but with time dummies)

 Conditional moment conditions (g-form), derived the same method
as kitazawa (2013)

E[nU; 17, yil’vit_z] =0

where hUi;it = U,-; — Vi
—vy. +ATD +ATD
— tanh( 7yl’t_2 > t AL j(U; + yi,t—l _ 2U; yi,t—l)
with Ul; =y, t (1 — yit)y,-,m - (1 — Vit )yi,t+1 eXp (_ATDZH )

o (€Xp(7/) o 1) yi,t—l (1 _ yit )yi,t+1 CXp (_ATDZH )



(P.S. 2) Dynamic fixed effects logit model (with no
explanatory variable but with time dummies)

 Conditional moment conditions (h-form), derived the same method
as kitazawa (2013)

E[nY; |7, yil’vit_Z] =0

where Y, =Y. — Yii-1
1—v. + ATD, + ATD
_ tanh[ 7/( yz,t—Z) : t t+1 j(Y” + yi,t—l — 2Y; y,.’t_l)
with Y; = YuVien T Vi (1- yi’Hl)eXp (ATD,H )

+(exp()-DA=y,, )y, A=y, )exp (ATDm )



(P.S. 2) Dynamic fixed effects logit model (with no explanatory

variable but with time dummies)
Unconditional moment conditions for vVN-consistent estimation

» Using two types of unconditional moment conditions based on both
g-form and h-form, the joint estimations of ¥ and time dummies
(ATDs, -+, ATDy) are conducted.

e Moment conditionsusedinGMM (3 <t<T-1)

F E[AU;]1=0 E[AY;]=0 ﬁ
g-form ! h-form
Ely,,,hU,1=0 Ely,,nY,1=0




(P.S. 2) Dynamic fixed effects logit model (with no explanatory
variable but with time dummies)
Monte Carlo

* DGP
y, = 1 if p(ni’yi,t—l’TDt)>§it
“ 10 otherwise

Py, ID,) =exp(@, + vy, +TD,) [ (1+exp(, + yy,,., +TD,))
qn.,TD,) =exp(n,+TD,)/ (1+exp(n. +TD,))

il

{1 if g(n.,TD,) > £,

0 otherwise

B -~ N(0, o2
¢, ~U0,1) 0, 77) N=1,000, 10,000, 100,000

* Parameters with values being set: T=4,8
Ry = 2,500
*TD; (t =1, ...,T),y,a,%



(P.S. 2) Monte Carlo results

=1 000 M=10,000 =1 00,000
(case of no explanatory -
rue mcm true mcm true mcm
variable + time dummies, S mosd___jmoes mesd___jmoeo
ias rrmse higs: rmse hizs rmse
T:4) SimulationB-a)
GMMgh-HTD) 0500 0.443 0500 0.498 0500 0.499
. 0230 0222 0073 0071 0022 0022
As N increases such as 1,000 -> 10,000 -> g . o 0e 0073 0001 Py
100,000, precision and accuracy of the ATDZ -1500 —1539 -1500 -1503 -1500 —-1500
. . 0124 0131 0038 0037 0012 0o 2
estimator increase. -0039 0130 -0.003 0038 0.000 ome
Si Iati A ATDE 0500 0.342 0500 0.488 0500 0500
imulation(A-a) 0255 0173 0074 0.051 0015 0015
y 0. 5, -0158 0300 -0me 0075 0.000 0ms
0' — 05 Sargan, df 0558 1 0.953 1 0598 1
TD, = 0_5, TD, = 1.0, Simulation(B—b)
- _ GMMgh—-HTD) 7 1100 0.959 1100 1.090 1100 1100
TD3 = —0.5 TD4_ 0.0 0324 0.325 0.097 0101 0.032 0.031
] ] —0141 0353 -0010 0097 0.000 0032
Simulation(A-a) ATD3  -2000 —2.091 -2.000 —2022 —2.000 —2.001
y = 1.1, 0201 0203 0.066 0058 0016 0015
— 05 —0.091 0221 -0.022 0070 -0.001 006
- ATDE 0500 0.292 0500 0.430 0500 0.498
D, = 0.5, TD,=15, 0208l 0400 o076l o155 000zl 0000
TD3 = _0-5» TD4= 0.0 Sargan, df 0813 1 0.870 1 0 966 1




(P.S. 2) Monte Carlo results
(case of no explanatory
variable + time dummies,
T=8)

As N increases such as 1,000 -> 10,000 ->
100,000, precision and accuracy of the
estimator increase.

Simulation(A-a)

y = 0.5,

of = 0.5,
TD, = 0.5, TD,= 1.0,
TDs = —0.5, TD,= 0.0,

TDz = —0.5, TDg= 0.5,
TD, = 0.0, TDg=—1.0

=1 000 =1 0,000 =1 00 000

true mcm true mcm true mcm

rmcsd Mcse mcsd mcse mcsd mMcse

hizs rrmnse bizs rmse bias rrnse

Simulation{B—a)

GhMigh-HTD) 7 0500 0450 0500 0.495 0500 0495
0095 0.081 0.0z8 0027 0,008 0005
—-00&0 0111 —0.005 0028 —00m 0005
HATD3 -1500  —1511 —-1500 —15M -1500 —15M
0115 0103 0.035 0035 0011 0011
-00i 0116 —0.0Mm 0035 —00m 001
MTDE 0500 0463 0500 0.495 0500 0500
0103 0.088 0.031 0.031 0o nmao
-003a7 0115 —0.005 0031 0000 oMo
MTDE —0500  —0467 —0500 0455 —0500 —-0500
0105 0.088 0032 0.031 0mo nmo
0033 0110 0.005 0032 0000 oMo
MTODA 1.000 0976 1.000 0997 1.000 1.000
0111 0.085 0.033 003z 0mo nmo
0024 0114 —0.003 0033 0000 oMo
MTODT  —0500 —0454 —0500 0457 —0500 —-0500
0138 0092 0035 0034 0011 0o
D046 0146 0.003 0035 0,000 0011
MTODE —1000 —0086 1000 —1.001 —1.000 —1.000
0243 0103 0.037 0037 0ma nma
0014 0244 —0.00 0037 0,000 nma
cargan, df 12920 13 13111 13 13.067 13




(P.S. 2) Monte Carlo results

N=1,000 N=10,000 N=100,000
(case of no explanatory -
rue mGm true mcm true mcm
variable + time dummies, S mosd___jmoes mesd___jmoeo
s rmse hias rmse hizs rmse
T:8) Simulation( B
GMM(gh-HTD) v 1100 1.010 1100 1.096 1100 1100
. 0138 0100 0.033 0.033 0.011 0.010
As N increases §uch as 1,000 -> 10,000 -> om0l o1es Zoo0al 0034 00l oot
100,000, precision and accuracy of the ATD3 -2.000 -2030 -2.000 -2.003 -2.000 -2.001
: : 0159 0141 0.045 0.044 0.014 0.014
estimator increase. -0030 0162 -0.003 0045 -0 001 0014
Si lation(A-b ATD4 0500  0.449 0500 0498 0500 0500
imulation(A-b) 0138 0101 0.034 0034 0011 0011
y = 1.1, -0051 0147 -0002 0034 0.000 0011
2 — 05 ATDE  -1500 —1.501 -1500 —1.499 -1500 —1.500
oy = VY., 0127 0104 0.036 0.034 0.011 0.011
TD, = 0.5, TD, = 1.5, R -0.001 0127 0.001 0.036 0.000 0.011
_ _ TDGE  2.000  2.006 2000 1998 2.000  2.000
TD; = —0.5, TD,= 0.0, 0135 0109 0.039 0.036 0012 0012
TDs; = —1.5, TDg= 0.5, 0.006 0135 -0.002 0039 0.000 002
— _ ATD7  -1500 —1.500 -1500 —1.496 -1500 —1.500
TD, = —1.0, TDg 0.5 0129 0109 0037 0035 0011 0011
0.000 0129 0.004 0037 0.000 0011
ATDE 0500  0.341 0500 0486 0500 0499
0279 0147 0.076 0.059 0019 0019
-015% 0321 -0.014 0078 -0.001 0019

Sargan, df 18037 13 13.416 13 12975 13




